We can assume that L maps bijectively onto G. (If L does not map bijectively, we can replace L by a regular subset of L that does.) We then say that (A , L) is an automatic structure with uniqueness.
-4 -All of this (including the uniqueness) generalizes naturally to semigroups.
If a group G has an automatic structure with respect to one finite generating set, then it has an automatic structure with respect to any finite generating set. (Epstein et al) This result generalizes to monoids. (Duncan, Robertson & Ruskuc) A semigroup S is automatic if and only if S 1 is automatic. (Campbell, Robertson, Ruskuc & Thomas) We will concentrate on automatic monoids.
If G is an automatic group, then we can solve the word problem for G in quadratic time. (Epstein et al) This also generalizes to monoids. (Campbell, Robertson, Ruskuc & Thomas) -5 -Not everything generalizes to monoids … Automatic groups are finitely presented. (Epstein et al) This is not true for automatic monoids. (Campbell, Robertson, Ruskuc & Thomas) A language L is said to be prefix-closed if, whenever . % L and / is a prefix of ., then
Every automatic group has a prefix-closed automatic structure.
Question. Does every automatic monoid have a prefix-closed automatic structure? If v, w % M, then define: has an X-Y automatic structure. The choices make no difference in groups -but they do in monoids! -9 -If P is any subset of the set of these four notions, then there is an example of a monoid which satisfies all the properties in P but none of the properties outside P.
(Hoffmann & Thomas)
These distinctions make no difference to the results we have mentioned so far.
However, if G and H are automatic groups, then the free product G*H is automatic.
Question. If S and T are X-Y automatic monoids does it follow that S*T is X-Y automatic?
This works if X-Y is right-right or left-left, but not in the other two cases.
-10 - 2 . Some natural properties are undecidable (or not known to be decidable). • for each R i there is a decision-making Turing machine that outputs true on input (a 1 , …, a r ) if a p % D for all p and (a 1 , …, a r ) % R i (and false otherwise).
-15 -
FA-presentable structures
• there is an alphabet A , a regular language L over A and a surjective
• there is a finite automaton that accepts If S is an FA-presentable structure and P is a first-order definable relation on S then P is decidable. (Nerode & Khoussainov) Example. Conjugacy in a group is a firstorder definable relation:
There are not many examples where we have a complete characterization of FApresentable structures:
• ordinals; (Delhommé) • integral domains; (Khoussainov, Nies, Rubin & Stephan) • Boolean algebras. (Khoussainov, Nies, Rubin
The following are equivalent for a finitely generated group G:
• G is FA-presentable;
• G is virtually abelian. (Oliver & Thomas) It follows that a finitely generated FApresentable group is automatic (but the converse is false).
We still seem to be some way from characterizing all FA-presentable groups (even all FA-presentable abelian groups).
If G is an FA-presentable group, then every finitely generated subgroup of G is virtually abelian. (Nies & Thomas) -18 -Group G; finite set of generators A = {a 1 , .. , a n }.
We then have a structure G = (G, R 1 , .… , R n ) where (g, h) % R i if and only if g a i = h (the Cayley graph of G).
If G is an automatic group then we have an encoding of the elements of G as words in A* such that there are automata recognizing multiplication by elements of A; this gives that G is FA-presentable.
The converse is false (there are cases where G is FA-presentable but G is not automatic).
What about other structures?
-19 -A finitely generated commutative monoid need not be automatic. (Hoffmann & Thomas) However:
A finitely generated commutative monoid is FA-presentable. (Oliver & Thomas) So a finitely generated FA-presentable monoid is not necessarily automatic; this is in contrast to the situation in groups.
We also have:
An FA-presentable ring R with identity is locally finite (i.e. every finite subset of R generates a finite ring). (Nies & Thomas) 
